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In this work we calculate the low-energy effective action for gravity with torsion, obtained after the
integration of scalar and fermionic matter fields, using the local momentum representation based on
the Riemann normal coordinates expansion. By considering this expansion around different space-
time points, we also compute the nonlocal terms together with the more usual divergent ones. Finally
we discuss the applicability of our results to the calculation of particle production probabilities.
I. INTRODUCTION
The absence of a quantum theory of gravitation is probably one of the most important open problems in theoretical
physics. In fact all of our knowledge about gravitation refers only to its classical aspects which are well described by
General Relativity and other generalizations of this theory with the same low-energy limit. On the other hand, the
other interactions (strong and electroweak) are well described, even at the quantum level, by the Standard Model,
as it has been confirmed in detail in the last years at the Large Electron-Positron Collider (LEP) and many other
experiments. Moreover it seems reasonable to think that there may exist some physical regime where the gravitational
field could be treated classically whereas matter is quantized. In fact this is the only regime that can be studied by
now without making extra hypothesis beyond what has already been checked experimentally. In this very conservative
approach one considers, on the one hand, the quantum gauge and matter fields propagating on a curved space-time
and, on the other hand, the dynamics of the classical degrees of freedom associated to the space-time. This is the
so-called semi-classical approximation. It is clear that space-time curvature or torsion (see [1,2] for a review) can affect
the quantum fields in different ways. In addition, space-time is also affected by the presence of the quantum matter
fields, as it happens, for instance, in the electromagnetic field case, where fermion loops modify the electromagnetic
dynamics by means of the vacuum polarization and other effects.
In order to study these new effects due to matter fields loops, it is specially appropriate the use of the gravitational
effective action (EA). This EA is obtained after integrating out the matter fields. In general the EA will be a nonlocal
and non-analytical functional of the metric and the connection. The exact expression for the EA, obtained after
integrating out the matter fields W [gµν ] is not known for arbitrary space-time geometries. However there are several
techniques that have been proposed for its approximate calculation, namely: perturbation theory, in which the metric
tensor is divided in a flat metric and a small fluctuation. The main difficulty of this method is that general covariance is
explicitly lost [3–5]. The Schwinger-DeWitt proper time representation [6,7] allows us to obtain a covariant asymptotic
expansion for the EA, but as far as it is local, it does not allow to describe particle creation processes. These difficulties
are intended to be solved by means of the partial resummation of the Schwinger-DeWitt series [8]. There are also
perturbative methods that respect general covariance, such as the so called covariant perturbation theory [9]. Finally
the local momentum representation [10] is based on the Riemann normal coordinate expansion. This technique has
the advantage of combining the usual flat space-time methods with formally covariant expressions. It has allowed to
calculate the divergent local parts of the one loop effective action for scalar and fermionic theories. The main aim of
the present work is to find a representation of the nonlocal finite parts of the effective action in this formalism.
Once we know the EA, we have all the information concerning the semi-classical gravitational evolution. The
corresponding equations of motion will modify the Einstein field equations taking into account quantum effects.
Moreover, the EA could have a non-vanishing imaginary part, which can be interpreted as the particle production
probability [6,11].
In this work we show our results concerning the computation of the one-loop EA after integrating out scalar and
fermionic fields by using the local momentum representation. Our computation includes not only the divergences but
also the nonlocal finite terms that can lead to instabilities of the classical solutions by particle emission. As we will
show, the use of normal coordinates allow us to obtain a useful representation of the nonlocal form factors. Such
representation has been succesfully applied in a recent work to obtain particle production in different cosmological
contexts in a remarkably easy way [11]. In addition, the results will shed some light about the boundary conditions
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on the metric tensor which permit a definition of the effective action.
The work is organized as follows. In Section 2 we do a brief review of the Euler-Heisenberg effective lagrangian for
Quantum Electrodynamics (QED). This model will be a guide for the calculation of the corresponding gravitational
EA. In Section 3 we present the method to generate the derivative expansions of the EA by means of Riemann normal
coordinates. Applying such method to the scalar theory in the presence of gravitation, we obtain the divergences as
well as the finite nonlocal pieces of the EA up to quadratic terms in the curvature. In Section 4 we do the same with
fermionic matter fields, obtaining the corresponding gravitational EA up to quadratic terms in the curvature and in
this case also in the torsion. In particular we apply our results to the Standard Model particle content. Finally Section
5 contains the main conclusions of this work an a brief discussion on their possible applications to the computation
of particle production probabilities. We have also included an Appendix containing the dimensional regularization
formulae and some normal coordinates expansions used in the text.
II. THE EULER-HEISENBERG LAGRANGIAN
The historical origin of the semi-classical EA can be traced back to the Euler-Heisenberg lagrangian for QED [12].
When the momentum p of photons is much smaller than the electron mass M , the one-loop effects, such as vacuum
polarization, can be taken into account by adding local non-linear terms to the classical electromagnetic lagrangian.
Consider the QED EA given by:
eiW [A] =
∫
[dψ][dψ]e−
i
4
∫
d4xFµνF
µν
exp
(
i
∫
d4xψ(i 6D −M + iǫ)ψ
)
= e−
i
4
∫
d4xFµνF
µν
det(i 6D −M + iǫ) (1)
where as usual 6D = γµ(∂µ−ieAµ). Using dimensional regularization (see Appendix), it is possible to find the following
expression up to quadratic terms in the photon field:
W [A] = −1
4
∫
d4xFµνF
µν − iTr log((i 6D −M + iǫ)) = −1
4
∫
d4xFµνF
µν + i
∞∑
k=1
(−e)k
k
Tr[(i 6∂ −M)−1 6A]k
=
∫
d4x
[
−1
4
FµνFµν − e
2∆
3(4π)2
FµνFµν +
2e2
(4π)2
Fµν
(
2
3
M2
✷
+
1
6
(
1− 2M
2
✷
)
F (−✷;M2)
)
Fµν
]
+O(A4) (2)
where ∆ = Nǫ − log(M2/µ2), with Nǫ = 2/ǫ+ log 4π − γ and γ ≃ 0.577 is the Euler constant. We have performed
the formal Taylor expansion of the logarithm and used the expression:
F (−✷;M2)Fµν(x) =
∫
d4y
d4p
(2π)4
eip(x−y)F (p2;M2)Fµν (y) (3)
with:
F (p2;M2) = 2 +
∫ 1
0
dt log
(
1− p
2
M2
t(1 − t)
)
(4)
In a similar way, the inverse operator 1/✷ can be defined with the usual boundary conditions on the fields as:
1
−✷Fµν(x) =
∫
d4y
d4p
(2π)4
eip(x−y)
1
p2 + iǫ
Fµν(y) (5)
The expression (2) for the EA is nonlocal and has a regular massless limit. In fact, for small p compared with M , the
Mandelstam function F (p2;M2) behaves as:
F (p2;M2) = − log
(
M2
−p2 − iǫ
)
+O(M2) (6)
From (2) we can see that the only contributions in the massless limit are those coming, on one hand from the ∆
factor and, on the other hand, from the Mandelstam function. Both logarithmic contributions equal, up to sign, so
that they cancel each other and we obtain:
W [A] =
∫
d4x
(
−1
4
FµνFµν − e
2
3(4π)2
FµνΓ(✷)Fµν
)
+O(A4) (7)
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where we have used the following notation:
Γ(✷) = Nǫ − log
(
✷
µ2
)
(8)
to be understood as in the previous cases through the corresponding Fourier transform, with the iǫ factor as shown
in (6).
The EA (2) allows us to derive in an exact fashion the photon two-point one loop Green functions. This, in turn,
allows us to obtain for example the vacuum polarization. The EA can be expanded as a power series in p2/M2, and
also in A to obtain the well-known Euler-Heisenberg local lagrangian [12]
III. INTEGRATION OF MATTER FIELDS IN A GRAVITATIONAL BACKGROUND
Consider a scalar field in a curved space-time. The corresponding classical action is given by:
S[φ] = −1
2
∫
d4x
√
gφ
(
✷+m2 + ξR
)
φ (9)
where ✷φ = gµν∇µ∂νφ = g−1/2∂µ
(
gµν
√
g∂νφ
)
. The non-minimal term ξR is included so that for m = 0 and ξ = 1/6,
the classical lagrangian is invariant under local conformal transformations.
The EA for the gravitational fields that arises after integrating out real scalar matter fields is given by the following
expression in Lorentzian signature:
eiW [gµν ] =
∫
[dφ]eiS[gµν ,φ] =
∫
[dφ]e−
i
2
∫
d4x
√
gφ(✷+m2+ξR−iǫ)φ = (detO)−1/2 (10)
where Oxy(m
2) = (−✷y −m2 − ξR(y) + iǫ)δ0(x, y) with δ0(x, y) being the covariant delta δ0(x, y) = g−1/2(x)δ(x, y).
Therefore we can write:
W [gµν ] =
i
2
log detO(m2) =
i
2
Tr logO(m2) (11)
Since in this expression we have only integrated the scalars out, the gravitational field is treated classically. Ac-
cordingly, this EA is analogous to the classical action but including the quantum effects due to the matter fields.
In addition, (10) is the generating functional of the Green functions containing only scalar loops and gravitational
external legs.
Let us now consider a fermion field propagating in a curved space-time with torsion [1]. The corresponding classical
action will be given by:
S =
∫
d4x
√
gψ(i 6D −M)ψ =
∫
d4x
√
gψ
[
iγµ
(
∂µ − i
2
Γa bµ Σab +
i
8
Sµγ5
)
−M
]
ψ (12)
where Sµ = ǫρνλµT
ρνλ is the torsion pseudotrace, Γa bµ are the Levi-Civita spin-connection components and Σab are
the Lorentz group generators. The fermionic EA is given by:
eiW [e,Γˆ,A] =
∫
[dψdψ] exp
(
i
∫
d4x
√
g ψ(i 6D −M + iǫ)ψ
)
= det(i 6D −M + iǫ) (13)
where e denotes the vierbein, Γˆ the full connection with torsion and A collectively denotes the possible gauge fields.
Accordingly:
W [e, Γˆ, A] = −i log det(i 6D −M + iǫ) = −iTr log(i 6D −M + iǫ) (14)
In the massless limit, M = 0, the classical fermionic lagrangian is also conformally invariant.
Since the above model does not posses self-interactions, the one-loop calculation is exact. This does not mean that
it is possible to explicitly calculate the EA for an arbitrary space-time geometry. In those cases in which there is a
high degree of symmetry, as in maximally symmetric manifolds, or in the so called conformally trivial situations, i.e,
conformally flat manifolds and conformally invariant theories, it is possible to find the explicit form of the modified
Einstein equations coming from the EA [13].
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In order to consider more general geometries, we will use an approximation scheme similar to the one used for
the Euler-Heisenberg lagrangian. It consists in treating the curvature as a small perturbation. When we integrate
massive fields out, this is equivalent to consider that the Compton wavelength corresponding to the massive particle
is much smaller than the characteristic length scale of the gravitational field. In this framework, the expression for
the EA will be an expansion in metric tensor derivatives over the particle mass. Such expansion will be generated by
the normal coordinates expansions of the O(m2) and (i 6D−M) operators. In the massless case, or if we are interested
in the high-energy regime, it is possible to obtain an alternative expansion in powers of the curvatures (Riemann and
Ricci tensors and scalar curvature), generically denoted R.
A. Riemann normal coordinates
Let xα0 be the coordinates of P in a given coordinate system and consider the set of geodesics passing through P ,
that we will write as xα(τ). We will choose the τ parameter in such a way that xα(0) = xα0 . Each of these geodesics
will be characterized by the tangent vector at P ,
ξα =
dxα
dτ
∣∣∣∣
τ=0
(15)
and each point A on each geodesic by certain value of the τ parameter. The Riemann coordinates yα of A are defined
as yα = ξατ [14]. In a neighborhood of P where any other point A can be joined to P by a unique geodesic (normal
neighborhood), the correspondence between the xα and yα coordinates is one to one.
When torsion is present and it is completely antisymmetric, the geodesic equation agrees with that obtained using
the Levi-Civita connection and therefore, some given Riemann coordinates respect to the Levi-Civita connection will
also be Riemannian respect to the connection with torsion [15,16]. By means of a linear real homogeneous coordinate
transformation, it is possible to write the metric tensor at y0 in the Minkowski form ηµν . The new coordinates are
also Riemannian and they are known as Riemann normal coordinates.
Let us consider the components of some tensor field at y, that we will assume to be analytic functions in a
neighborhood of the normal coordinates origin y0. From their Taylor expansion around y0 we can obtain an expression
that is written as a series in curvatures and their covariant derivatives. In paricular for the metric tensor componentes
we get [14]:
gµν(y) = ηµν +
1
3
Rµανβ(y0)y
αyβ − 1
6
Rµανβ;γ(y0)y
αyβyγ +
[
1
20
Rµανβ;γδ(y0) +
2
45
Rαµβλ(y0)R
λ
γνδ(y0)
]
yαyβyγyδ
+ O(∂5) (16)
Here, O(∂5) denotes terms with 5 or more derivatives and the indices in those tensors evaluated in y0 are raised
and lowered with the flat metric ηµν . In the Appendix, we have written the expansions corresponding to the metric
determinant and other useful expressions. It is important to note that (16) is a superposition of two kind of expansions:
on one hand, terms are organized by the number of metric derivatives, but on the other hand, those terms with a
certain number of derivatives can be classified according to the number of curvature tensors they have.
It will also be useful to introduce the following relation: 2σ(x, x′) = yαyα, where the biscalar σ(x, x′) represents
half of the geodesic distance between the x and x′ points and yα denotes the normal coordinates of the x point with
origin at x′. On the other hand, ∂xασ(x, x
′) is a tangent vector at x to the geodesic joining x and x′, whose length
equals the geodesic distance between these two points and it is oriented in the x′ → x direction. In turn, ∂xα′σ(x, x′)
is tangent to the same geodesic at x′, with the same modulus and oriented in the opposite sense.
In normal coordinates with origin at x′, according to the previous expressions, we can write:
σα(x, x
′) =
∂
∂xα
σ(x, x′) = yα (17)
i.e, yα are components of a vector tangent at the origin.
The use of normal coordinates, apart from being basic to obtain the derivative expansions of the EA, allows us to
work in momentum space in a similar way to the flat space-time. Let us consider some scalar function f(x, y0) with
normal coordinates with origin at y0. We can define its covariant Fourier transform through [10]:
f(x, y0) =
∫
d4k
(2π)4
fˆ(k, y0)e
−ikx (18)
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In a similar way we can introduce the covariant Dirac delta:
δ0(x, y0) =
∫
d4k
(2π)4
e−ikx (19)
As far as one of the delta arguments is the origin of coordinates, we will have δ0(x, y0) = δ(x, y0)g
−1/2(y0) = δ(x, y0).
In the general case, (arbitrary arguments) there is also a covariant definition whose expression in arbitrary coordinates
is given by [8]:
δ0(x, y) = g1/4(x)g1/4(y)∆1/2(x, y0)∆
1/2(y, y0)
∫
d4k
(2π)4
g−1/2(y0) exp(ikµ(σµ(y, y0)− σµ(x, y0))) (20)
where kµ, σµ(y, y0) and σµ(x, y0) are tangent vectors at y0 and ∆(x, x
′) is the Van Vleck-Morette determinant, defined
as: ∆(x, x′) = g−1/2(x) det(−∇µ′∇νσ(x, x′))g−1/2(x′). If we take y0 as origin, we will have ∆(x, y0) = g−1/2(x), this
expression reduces then to:
δ0(x, y) = g−1/2(x)
∫
d4k
(2π)4
exp(−ikµ(xµ − yµ)) (21)
All these definitions are valid only in normal neighborhoods of the origin in which geodesics do not intersect.
B. Derivative expansions
In normal coordinates there is a privileged point around which we perform the expansions. In addition, the different
curvature tensors are defined on the tangent plane corresponding to that point. This fact, together with the general
coordinate invariance of the EA will allow us to obtain a covariant derivative expansion for the effective lagrangian
around the origin. In the following we will discuss in detail the scalar case, although the procedure is the same for
fields with different spin.
Let us start with the scalar EA (11). Using the normal coordinates expansion for the metric tensor it is easy to
split the operator Oxy(m
2) = (−✷y −m2 − ξR(y) + iǫ)δ0(x, y) in a free part, that coincides with the flat space-time
Klein-Gordon operator
Axy(m
2) = (−✷y0 −m2 + iǫ)δ0(x, y) (22)
with ✷y0 = η
µν∂yµ∂
y
ν , and the interaction part Bxy that includes all the curvature dependence:
Bxy =
[
−2
3
Rλρ(y0)y
ρ∂yλ +
1
3
Rµ νǫ β(y0)y
ǫyβ∂yµ∂
y
ν − ξR(y0) −
(
1
20
R να ;βγ(y0) +
1
20
R να ;γβ(y0)−
1
20
Rµ να β;µγ(y0)
− 1
20
Rµ να β;γµ(y0)−
8
45
Rαλ(y0)R
λ ν
β γ(y0) +
1
15
R µα βλ(y0)R
λ ν
µ γ(y0) +
4
45
R µα βλ(y0)R
λ ν
γ µ(y0) +
1
40
R ναβ;γ (y0)
+
1
40
R ναβ; γ(y0)
)
yαyβyγ∂yν −
(
− 1
20
Rµ νρ ǫ;δκ(y0) +
1
15
R µρ ǫλ(y0)R
λ ν
δ κ(y0)
)
yρyǫyδyκ∂yµ∂
y
ν
− ξ 1
2
R;αβ(y0)y
αyβ
]
δ0(x, y) + ... (23)
We have only written the two and four derivatives contributions since terms with an odd number of metric derivatives
are shown to be irrelevant for the final result. Therefore we have: Oxy(m
2) = Axy(m
2) +Bxy
We will also assume that space-time is asymptotically flat and this will allows us to discard total derivatives of the
curvatures in the EA. We have included the covariant Dirac delta δ0(x, y) in the definition of the free operator so that
we can use the covariant integration measure d4xg1/2(x). Taking all this into account we can write the EA as:
W [gµν ] =
∫
d4xLeff (x) = i
2
Tr logO(m2) =
i
2
Tr log(A+B) (24)
As far as the calculations will be done in normal coordinates with respect to the y0 point, any term in the effective
lagrangian is evaluated in that point. For that reason the integration involved in the Tr symbol cannot be done
immediately. This, in turn, keep us from expanding the logarithm, which only makes sense inside the trace. A way
to avoid the problem consists in formally differentiating the EA with respect to m2 [17]:
5
ddm2
W [gµν ] = − i
2
Tr
1
O(m2)
= − i
2
Tr((A +B)−1) = − i
2
Tr(A−1 −A−1BA−1 +A−1BA−1BA−1 − ...) (25)
In the last step the inverse of A+B has been expanded. This can be done without taking the functional trace.
The lowest order term in B is linear in the Riemann tensor and therefore it contains two metric derivatives. The
term in (25) with two B factors will be O(R2) and will contain at least four metric derivatives, etc. Since we are only
interested in the result up to O(R2), it will be enough to consider the first three terms in (25).
C. Divergent parts
In order to calculate the divergent parts of the EA, we consider the previous expansions. Since normal coordinates
allows us to do momentum space integrations, we can use the flat space-time regularization techniques such as
dimensional regularization. Our calculation method is based on the local momentum representation proposed in [10],
but adapted to the EA techniques. The results agree with the well-known expressions in [13].
First we find the scalar propagator A−1xy , given by: AxyA
−1
yz = δ
0(x, z), where we have used the De Witt generalized
summation convention for repeated indices. Using (21), we can write this equation as:∫
d4yg1/2(y)(−✷y0 −m2 + iǫ)
δ(x, y)
g1/2(x)
g−1/2(y)
∫
d4k
(2π)4
e−ik(y−z)G˜(k) =
δ(x, z)
g1/2(x)
(26)
The G(k) function is easily obtained and finally the propagator reads:
A−1yz =
1
g1/2(y)
∫
d4k
(2π)4
e−ik(y−z)
1
k2 −m2 + iǫ (27)
The first term in the EA expansion (25) can be immediately evaluated and it reads:
A−1y0y0 =
∫
dk˜
1
k2 −m2 = −
i
(4π)D/2
Γ(1−D/2)µǫ
(m2)1−D/2
(28)
with the notation dk˜ = dDkµǫ/(2π)D. When y0 appears as a repeated subindex it must be understood that the
integration in y0 has not been done. This final integration, that corresponds to the trace in (25), will be performed
below in an explicit way. In the last step we have used the equation (59) from the Appendix. Performing the m2
integration we have the lowest order term in the effective lagrangian:
L(0)div(y0) =
1
64π2
m4
(
∆+
3
2
)
(29)
where we have defined ∆ = Nǫ + log(µ
2/m2). As is well-known, this first term will give rise to the cosmological
constant renormalization. The integration constant can be set to zero without loosing generality since it can be
absorbed in the renormalization procedure as we will show below.
Up to two metric derivatives, only the second term in (25) contributes:
(A−1y0yByzA
−1
zy0)
(2) =
∫
d4yg1/2(y)d4zg1/2(z)
∫
dk˜
eiky
k2 −m2
(
−2
3
Rλρ(y0)z
ρ∂zλ
+
1
3
Rµ νǫ β(y0)z
ǫzβ∂zµ∂
z
ν − ξR(y0)
)
δ(y, z)
g1/2(y)
g−1/2(z)
∫
dq˜
e−iqz
q2 −m2 (30)
Integrating by parts and removing the coordinates z through z → i∂q, we can rewrite this expression as:
(A−1y0yByzA
−1
zy0)
(2) =
∫
d4zdp˜dq˜
e−ipz
q2 −m2
( 1
3R(y0)− ξR(y0)
(q − p)2 −m2 −
2
3
Rµν(y0)qµqν
((q − p)2 −m2)2
)
=
i
(4π)D/2
Γ(2−D/2)
(m2)2−D/2
(
1
6
− ξ
)
R(y0) (31)
In the last step we have done the z integration first and then those corresponding to the momenta. Finally integrating
in m2 we find the effective lagrangian contribution to order O(∂2):
6
L(2)div(y0) = −
1
32π2
m2 (∆ + 1)
(
1
6
− ξ
)
R(y0) (32)
Now we derive the divergences with four metric derivatives. In this case, there are contributions from A−1BA−1
and A−1BA−1BA−1:
(A−1y0yByzA
−1
zy0)
(4) =
∫
d4yg1/2(y)d4zg1/2(z)
∫
dk˜
eiky
k2 −m2
[
−
(
1
20
R να ;βγ(y0) +
1
20
R να ;γβ(y0)−
1
20
Rµ να β;µγ(y0)
− 1
20
Rµ να β;γµ(y0)−
8
45
Rαλ(y0)R
λ ν
β γ(y0) +
1
15
R µα βλ(y0)R
λ ν
µ γ(y0) +
4
45
R µα βλ(y0)R
λ ν
γ µ(y0)
+
1
40
R ναβ;γ (y0) +
1
40
R ναβ; γ(y0)
)
zαzβzγ∂zν +
(
1
20
Rµ νρ ǫ;δκ(y0)−
1
15
R µρ ǫλ(y0)R
λ ν
δ κ(y0)
)
× zρzǫzδzκ∂zµ∂zν − ξ
1
2
R;αβ(y0)z
αzβ
]
δ(y, z)
g1/2(y)
g−1/2(z)
∫
dq˜
e−iqz
q2 −m2 (33)
Removing the coordinates as before and integrating in positions and momenta we find:
(A−1y0yByzA
−1
zy0)
(4) = − i
(4π)D/2
Γ(3−D/2)
(m2)3−D/2
(
− 1
180
Rµνλρ(y0)Rµνλρ(y0)
− 1
270
Rµν(y0)Rµν(y0) +
1
6
(
1
5
− ξ
)
✷R(y0)
)
(34)
Notice that this result is finite. The divergences will appear when doing the m2 integration. We add to this term the
lowest order contribution from the next one, namely:
(A−1y0yByzA
−1
zt BtuA
−1
uy0)
(4) =
∫
d4yg1/2(y)d4zg1/2(z)d4tg1/2(t)d4ug1/2(u)
∫
dk˜dq˜dp˜
eiky
k2 −m2
×
(
−2
3
Rλρ(y0)z
ρ∂zλ +
1
3
Rµ νǫ β(y0)z
ǫzβ∂zµ∂
z
ν − ξR(y0)
)
δ(y, z)
g1/2(y)
g−1/2(z)
e−iq(z−t)
q2 −m2
×
(
−2
3
Rλρ(y0)u
ρ∂uλ +
1
3
Rµ νǫ β(y0)u
ǫuβ∂uµ∂
u
ν − ξR(y0)
)
δ(t, u)
g1/2(t)
g−1/2(u)
e−ipu
p2 −m2 (35)
In a similar fashion to the previous case we find the results for the regularized integrals:
(A−1y0yByzA
−1
zt BtuA
−1
uy0)
(4) = − i
(4π)D/2
Γ(3−D/2)
(m2)3−D/2
(
1
2
(
1
6
− ξ
)2
R(y0)
2 − 1
108
Rµν(y0)Rµν(y0)
)
(36)
Substracting (34) from (36) and integrating in m2 we obtain the divergent lagrangian up to O(∂4):
L(4)div(y0) =
∆
32π2
(
1
180
Rµνλρ(y0)Rµνλρ(y0)− 1
180
Rµν(y0)Rµν(y0) − 1
6
(
1
5
− ξ
)
✷R(y0) +
1
2
(
1
6
− ξ
)2
R(y0)
2
)
(37)
Comparing with the well-known Schwinger-DeWitt expansion, we see that L(2)div(y0) is proportional to a1(O, y0) and
L(4)div(y0) to a2(O, y0). As far as the above expressions are scalars they will have the same form in any coordinate
system, not neccessarily geodesic. We can then perform a coordinate change and integrate to obtain the corresponding
EA:
W [gµν ]div =
∫
d4xLdiv(x) (38)
We have included in Ldiv(x) the g1/2(x) factor coming from the integration measure. It is possible, in principle, that
when doing the coordinate change, new non-covariant terms appear provided they vanish only for geodesic coordinates.
However, in absence of gravitational anomalies the EA is scalar and accordingly such terms are not permitted. On the
other hand, terms with an odd number of derivatives yield terms with an odd number of momenta in the numerator
which vanish in dimensional regularization. The above are the only possible divergences, higher derivative terms give
rise to momentum integrals with more momenta in the denominator that turn out to be finite.
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Apart from the divergences, which are purely local contributions, the EA also contains finite nonlocal pieces that are
responsible for the pair creation processes. We have seen that in the QED case (2), the massless limit is well-defined
due to the cancellation of the mass logarithmic dependence associated to the divergences with that coming from the
nonlocal pieces. This fact allows us to extract some information about the nonlocal terms from the knowledge of the
divergences. In next section we will profit this connection to find part of the nonlocal structure of the gravitational
EA by means of a point-splitting procedure in the divergences.
D. Nonlocal contributions
In the previous section we have obtained local contributions up to order O(R2). If we continue the calculation to
higher orders, we would get a power series with terms of the following type:
∇nRp(y0)
m2p+n−4
(39)
where ∇ denotes the covariant derivative. This is a typical derivative (or adiabatic) expansion which is only valid at
low energies.
All the terms in (39) can be classified by the number of curvatures they contain. Those terms with a fixed number
n of curvatures will give rise to a series with an increasing number of covariant derivatives. If we could add all these
terms together, we would obtain nonlocal contributions that would provide the exact n-point Green functions (with
curvatures in the external legs) [18,8,9]. These Green functions will be valid for any value of the mass m, as in the
QED case (2).
In this section we propose a method that effectively carries out that resummation for the quadratic operators, i.e
we are interested in those terms of the form ∇nR2. The basic idea is to perform a point-splitting in the quadratic
parts in curvatures in (33) and (35), at the end of the section we will argue that this procedure gives rise to the correct
resummation up to O(m2R2) terms.
As we have just commented, all the terms in (39) are local and finite. The reason why we have not obtained nonlocal
terms as in (2) is that the normal coordinates expansions are performed around a single point y0. In (33) and (35)
there are products of curvatures evaluated at the same point, i.e, R(y0)R(y0). Using again the normal coordinates
expansion we can rewrite these products as:
R(y0)R(y0) = R(y0)R(y) + (R(y0)∇R(y0)y +R(y0)∇2R(y0)yy + ...)
+ (R(y0)R(y0)R(y0)yy +R(y0)∇R(y0)R(y0)yyy + ...) + ... (40)
This expression allows us to split the points, the price to pay is the modification of the coefficients of the infinite
higher order terms. We will not modify the linear part in R in (33). Let us first obtain the nonlocal result and then
we will argue that the new terms ∇nR2 generated in (40) will exactly cancel those coming from the expansion in (25).
By means of the above point-splitting, the R2 contributions in (33) and (35) will remain as:
(A−1y0yByzA
−1
zy0)
(R2) =
∫
d4yg1/2(y)d4zg1/2(z)
∫
dk˜
eiky
k2 −m2
[(
8
45
Rαλ(y0)R
λ ν
β γ(y)−
1
15
R µα βλ(y0)R
λ ν
µ γ(y)
− 4
45
R µα βλ(y0)R
λ ν
γ µ(y)
)
zαzβzγ∂zν −
1
15
R µρ ǫλ(y0)R
λ ν
δ κ(y)z
ρzǫzδzκ∂zµ∂
z
ν
]
δ(y, z)
g1/2(y)
g−1/2(z)
×
∫
dq˜
e−iqz
q2 −m2 +O(∇
2R2) (41)
and:
(A−1y0yByzA
−1
zt BtuA
−1
uy0)
(R2) =
∫
d4yg1/2(y)d4zg1/2(z)d4tg1/2(t)d4ug1/2(u)
∫
dk˜dq˜dp˜
eiky
k2 −m2
e−ipu
p2 −m2
×
(
−2
3
Rλρ(y0)z
ρ∂zλ +
1
3
Rµ νǫ β(y0)z
ǫzβ∂zµ∂
z
ν − ξR(y0)
)
δ(y, z)
g1/2(y)
g−1/2(z)
e−iq(z−t)
q2 −m2
×
(
−2
3
Rλρ(t)u
ρ∂uλ +
1
3
Rµ νǫ β(t)u
ǫuβ∂uµ∂
u
ν − ξR(t)
)
δ(t, u)
g1/2(t)
g−1/2(u) +O(∇2R2) (42)
where, as mentioned before, O(∇2R2) denotes local finite terms with two curvatures and an arbitrary even number
of derivatives. There are in principle different ways of performing the splitting, depending on the choice of the pair
of points, but all them are equivalent up to higher order terms as can be seen from (40).
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Removing the explicit coordinates occurrences, we obtain:
(A−1y0yByzA
−1
zt BtuA
−1
uy0)
(R2) =
∫
d4tdq˜dp˜eipt
((
1
3 − ξ
)
R(y0)
(q2 −m2)2 −
2
3
Rµν(y0)
qµqν
(q2 −m2)3
)
×
( −ξR(t)
((p+ q)2 −m2) +
2
3
Rµν(t)(p+ q)µ(p+ q)ν
((p+ q)2 −m2)2
)
+O(∇2R2) (43)
Using the equations (60), (61) and (62) from the Appendix, neglecting higher order terms and integrating in m2, we
obtain the following contributions to the effective lagrangian:
L(R2)1 (y0) =
1
32π2
∫
d4tdp˜eipt
(
∆− F (p2;m2))
[
1
2
(
1
6
− ξ
)2
R(y0)R(t)− 1
108
Rµν(y0)R
µν(t)
]
+O(∇2R2) (44)
F (p2;m2) being given in (4).
Apart from the local divergent and nonlocal finite terms, in the dimensional regularization procedure, finite local
terms do arise. However, their coefficients will be absorbed in the definition of the renormalized parameters and they
will not be explicitly considered.
In the same form as before we obtain from (42):
L(R2)2 (y0) =
1
32π2
∫
d4tdp˜eipt
(
∆− F (p2;m2)) [ 1
180
Rµνλρ(y0)Rµνλρ(t) +
1
270
Rµν(y0)Rµν(t)
]
+O(∇2R2) (45)
Adding both contributions in (44) and (45) and including the 0 and 2 derivatives divergent contributions given in
(29) and (32), we can write the nonlocal EA in a slightly different notation:
W [gµν ] =
1
32π2
∫
d4x
√
g
[
m4
2
(
∆+
3
2
)
−m2 (∆ + 1)
(
1
6
− ξ
)
R(x) + ∆
(
1
180
Rµνλρ(x)Rµνλρ(x)
− 1
180
Rµν(x)Rµν (x) +
1
2
(
1
6
− ξ
)2
R(x)2
)
−
(
1
180
Rµνλρ(x)F (✷;m2)Rµνλρ(x)
− 1
180
Rµν(x)F (✷;m2)Rµν(x) +
1
2
(
1
6
− ξ
)2
R(x)F (✷;m2)R(x)
)
+O(m2R2)
]
+O(R3) (46)
Here the F (✷;m2) operator action should be understood through the expressions (44) y (45) as we did in the QED
case (2), in addition we have neglected local finite terms and total derivatives. On the other hand, we see that the
quadratic divergences agree with those obtained in the previous section.
Consider now the massless limit of the EA in (46). For small masses compared with p, the Mandelstam function
behaves as shown in (6). As in the QED case, the term proportional to log(m2), associated to the divergences in (46),
has the same coefficient but with opposite sign as that coming from the Mandelstam function. Therefore they exactly
cancel. This allows us to obtain the regular massless limit:
W [gµν ] =
1
32π2
∫
dx
√
g
(
1
180
Rµνλρ(x)Γ(✷)Rµνλρ(x)− 1
180
Rµν(x)Γ(✷)Rµν (x)
+
1
2
(
1
6
− ξ
)2
R(x)Γ(✷)R(x)
)
+O(R3) (47)
where Γ(✷) is given in (8). This result is what one had expected on dimensional grounds [19], however we have got in
addition an explicit representation, completely analogous to the flat space-time case, for the form factors. In principle,
the result in (46) cannot be considered, strictly speaking, as the O(R2) contribution in the curvature expansion since
in the calculation we have not considered those terms with two curvatures and an arbitrary number of covariant
derivatives, denoted by O(∇2R2). We have obtained a nonlocal expression, but the infinite O(∇2R2) terms could in
principle modify it. However, we have seen in the previous section that the divergences have a logarithmic dependence
in m2 (whose calculation is unambiguous). In addition, we showed in Section 2 in the QED case that the coefficients
of the log(m2) in the divergent part have to be the same as those of the log(p2) in the nonlocal pieces, in order to
have a regular masless limit. In (47) we have seen that our result indeed posseses a regular masless limit. Since the
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O(∇2R2) terms are finite, they could only modify the finite local and nonlocal part, but not the divergences. However
such a modification in the nonlocal part could spoil the regularity of the masless limit. Accordingly, we conclude that
the O(∇2R2) terms can only modify the local finite pieces and those proportional to m2, but not the nonlocal ones
containing log(m2). For that reason, the result in (46) includes all the quadratic curvature contributions except for
those containing an arbitrary mass power denoted O(m2R2).
A compatible result has been obtained using partial resummation of the Schwinger-DeWitt expansion [8] and also
by means of the so called covariant perturbation theory [9], in this case it was possible to derive the cubic terms in
curvatures for asymptotically flat manifolds. Notice however that the boundary conditions that normal coordinates
impose on the metric tensor are slightly more general than the asymptotically Minkowskian condition. In fact, we
have only required that the curvatures and their covariant derivative vanish at infinity. This condition includes, for
instance, those Robertson-Walker manifolds in which the expansion rate a˙/a asymptotically vanishes in the future,
although the scale factor itself a(t) does not tend to a constant. This kind of manifolds are known to accept the
definition of the so-called adiabatic vacua [13]. In [11] the possibility of defining such vacua was extremely useful for
the interpretation of the effective action as vacuum persistence amplitude.
To summarize, the procedure we have just presented makes it possible a partial resummation of the higher order
terms in the EA, within the mentioned limits. Neglecting O(R3) terms implies that (46) will be a good approximation
for ∇∇R >> R2. In a similar fashion, when we neglect O(m2R2) terms we are assuming that ∇∇R >> m2R.
However, if we are only interested in the two point Green functions with external curvature legs, the massless limit in
(47) is exact. The renormalization of the EA can be done following the standard procedure in the classical references (
[13] and [2]). Here we will only mention that from the viewpoint of the Appelquist and Carrazone decoupling theorem
[20], the scalar field does not decouple from gravity since there are new terms in the EA (46) which are not present
in the Einstein-Hilbert action and they are not suppressed by powers of the particle mass m.
IV. INTEGRATION OF THE STANDARD MODEL MATTER FIELDS: THE EA FOR TORSION
Up to now we have only worked with scalar fields. However, in order to include the effect of the matter content
present in the SM in the gravitational EA, we have to deal with the integration of fermionic fields. In this case we can
proceed in a similar way using (14) in order to obtain the EA for the gauge fields and gravitation by integrating out
the SM matter fields. The main novelty is that, in addition to the gravitational field (the vierbein), fermions couple
also to the pseudotrace of the torsion as it was discussed at the beginning of the previous section. The SM matter
lagrangian in a curved space-time with torsion can be written as [21]:
LM = √g
(Q(i 6DQ −MQ)Q+ L(i 6DL −ML)L) (48)
where:
6DQ = γµDQµ = γµ(∂µ +ΩQµ + SQµ γ5), 6DL = γµDLµ = γµ(∂µ +ΩLµ + SLµ γ5) (49)
with MQ and ML the mass matrices of quarks and leptons. We have followed the notation in [21]. In the following
we will concentrate only in the gravitational couplings, so that we have neglected the gauge fields contributions in the
operators.
In order to obtain the torsion contribution to the EA up to O(S2), we first consider a flat space-time with torsion
and afterwards we will include the effect of curvature. From the above lagrangian we see that torsion behaves as the
electromagnetic field in QED, without considering the γ5 coupling, which does not affect the calculation of terms with
an even number of fields, in the massless limit. Using the result in (2) and changing e 6A → −1/8 6Sγ5, we obtain in
this limit:
W [S] = −
(
Nν
2
+NDf +NcNq
)
Nf
192(4π)2
∫
d4xSµνΓ(✷)Sµν +O(S4) (50)
where Γ(✷) is defined in (8), Nf is the number of families, Nν the number of neutrinos, NDf that of Dirac fermions
and Nq the number of quark flavors. Sµν = ∂µSν − ∂νSµ. Due to the absence of right neutrinos, there could be, in
principle, parity violating terms. However it can be shown that those terms are total derivatives.
In order to introduce the space-time curvature, we recall that the SM matter sector is locally conformally invariant
(for massless fermions), this is also the case of the counterterms [22], (see [23,2] where the renormalization procedure
has been studied for manifolds with torsion). When including the curvature, apart from those in (50), there could be
quadratic terms in torsion in the generic form RS2. However such terms are not conformally invariant. Therefore the
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ones obtained above are the only possible divergences. Next we will confirm these results with an explicit calculation
of the divergences in a space-time with curvature.
The SM Dirac operators in Euclidean space are not Hermitian because of the electroweak gauge couplings and the
absence of the right neutrinos. However, in Euclidean space the EA divergences are real [18], thus it is enough to
calculate: 2ReW [e, Γˆ] = − log det(O), where O = (6D+M)†(6D+M) and 6D and M denotes the joint Euclidean Dirac
operator and mass matrix for quarks and leptons. The heat-kernel expansion together with dimensional regularization
[13,24] allows us to obtain:
− 1
2
Tr log(O) = µ
ǫ
2(4π)D/2
tr
∞∑
n=0
MD−2nΓ
(
n− D
2
)∫
d4x
√
g an(O, x) (51)
The well-known HMDS coefficients an are given for the above operators by:
a0(O, x) = 1, a1(O, x) = 1
6
R −X
a2(O, x) = 1
12
[Dµ, Dν ][D
µ, Dν ] +
1
6
[Dµ, [D
µ, X ]] +
1
2
X2 − 1
6
RX
− 1
30
R µ;µ +
1
72
R2 +
1
180
(RµνρσR
µνρσ −RµνRµν) (52)
where, when we neglect the gauge fields contributions, the operator can be written as:
O = DµDµ +X +M2, with X = γ5Sµ;µ + 2SµSµ −
1
4
[γµ, γν ][dµ, dν ]
and
Dµ = ∂µ +Ωµ − 12γ5[γµ, γν ]Sν = dµ − 12γ5[γµ, γν ]Sν
Writing the result in Lorentzian signature we have (see also the previous works [23,2]):
Wdiv[e, Γˆ] = −
∑
f
∑
i
Ni
1
32π2
∫
d4x
√
g
[
M4i
(
∆i
2
+
3
4
)
−M2i (∆i + 1)
(
− 1
12
R+
1
32
S2
)
+ ∆i
(
1
384
SµνSµν − 7
1440
RµνρσR
µνρσ − 1
180
RµνR
µν +
1
288
R2
)]
(53)
∑
f denotes sum over the different families and
∑
i =
∑
lept.+Nc
∑
quarks over the different flavors in each family,
including quarks and leptons. On the other hand, Ni is the number of spinor components: 2 for neutrinos and 4 for
the rest of fermions. Mi are the different fermion masses, ∆i = Nǫ + log(µ
2/M2i ) and µ the renormalization scale.
This formula is compatible with the flat space-time result in (50). There is no RS2 term, as commented before, and
we have discarded total derivatives. Following similar steps as for the scalar case, i.e. including log(✷/M2) factors
and taking the massless limit, we obtain the finite nonlocal contributions depending on curvature and torsion from
the divergences. In the mentioned limit we have:
W [e, Γˆ] = −Nf(8Nc + 6)
32π2
∫
d4x
√
g
(
1
384
SµνΓ(✷)Sµν +
1
288
RΓ(✷)R
− 7
1440
RµνρσΓ(✷)R
µνρσ − 1
180
RµνΓ(✷)R
µν
)
+O(R3) +O(S3) (54)
where Γ(✷) is given in (8) and O(S3) denotes terms with 3 or more torsion fields. Finally, due to the presence of
chiral fermions, the EA could contain an abnormal parity sector, responsible for the gauge and gravitational anomalies.
However, as far as the previous result has been derived from the real part of the EA (with normal parity), this sector
is not taken into account.
The renormalization procedure in this case will require, not only the introduction of quadratic terms and a constant,
but also a kinetic and mass terms for the torsion field. Accordingly, the starting classical action should be:
SG =
∫
dx
√
g
(
R− 2Λ
16πG
+ a2R
µνλρRµνλρ + a3R
µνRµν + a4R
2 + a5SµνS
µν + a6S
2
)
(55)
The divergences can be absorbed by constants redefinition:
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aj → a′j = arj(µ)−
1
32π2
CjNǫ + finite constants, j = 0..6 (56)
where a0 = −2Λ/(16πG) and a1 = 1/(16πG). The values of Cj are shown in Table 3.1.
The scale dependence of the renormalized constants is derived from the renormalization group equation [2,23], in
an analogous way to the scalar case. As a consequence, if at a given scale µ, the constants have certain values ari (µ),
their values at a different scale µ′ will be given by:
ari (µ
′) = ari (µ) +
Ci
32π2
log
(
µ2
µ′2
)
(57)
where the Ci constants are those appearing in Table 3.1. In particular, the renormalized Newton constant G
r(µ) has
a scale dependence and therefore its value should be specified for a given µ. Thus G will depend on the size of the
system we are considering and this could have an enormous importance in cosmology (see [25]).
C0 C1 C2 C3
−∑f∑iNi M4i2 −∑f∑iNi M2i12 7180NfNc + 7240Nf 245NfNc + 130Nf
C4 C5 C6
− 136NfNc − 148Nf − 148NfNc − 164Nf
∑
f
∑
iNi
M2i
32
Table 3.1: Renormalization constants for the SM case
In the renormalized EA we can generate a torsion kinetic term by means of a Sν finite normalization as follows:
Srν = Z
−1/2
3 (µ)Sν , where a
r
5(µ) = − 14Z−13 (µ). Thus in the massless limit we have:
W r[Sr] =
∫
d4x
√
g
(
−1
4
SrµνS
rµν + nonlocal terms +O(S3)
)
(58)
As a consequence the physical torsion field Srµ will behave as an abelian gauge field. Therefore we have generated a
kinetic term for torsion even starting from a theory without propagating torsion.
V. CONCLUSIONS AND DISCUSSION
In this work we have dealt with the computation of the low-energy Effective Action (EA) for gravity obtained when
matter fields, both scalar and fermionic, are integrated out. As a much simpler exercise, we have started with by
reviewing the low-energy EA for the electromagnetic field obtained when the electronic field is integrated out. Special
attention has been paid to the nonlocal terms which are related to the particle production probabilities.
In order to integrate the scalar fields to compute the EA for gravity, we have used the normal coordinate expansion.
This method has been used previously to compute the divergent terms of the EA. By comparison of this kind
of expansion around different space-time points, we have been able to extend the previous work to obtain also the
nonlocal finite terms of the EA up to quadratic terms in the curvature. In particular we have arrived to the conclusion
that the scalar field does not decouple from the EA in the large mass limit in the Appelquist-Carrazone sense. Finally
we have also discussed the meaning of the expansion in the massless limit.
In order to be able to consider the matter field content present in the Standard Model we have also studied the case
of fermionic matter. The main novelty in this case is that this kind of fields can also couple to the torsion pseudotrace
in addition to the gravitational field. Thus we have obtained the low-energy EA for the gravitational field and the
torsion including the divergent and the nonlocal finite terms up to quadratic terms in the curvature and the torsion.
We have discussed the renormalization of this EA and we have found that a kinetic term is generated for the torsion
pseudotrace. This result is quite interesting since in the standard Einstein-Cartan action [1], the torsion does not
propagate.
Finally we would like to stress that the results obtained in this work can be useful for the study of some interesting
physical effects. In particular, the low-energy EA can be applied for the study of the quantum stability of classical
solutions of the Einstein equations of motion. More specifically, the nonlocal terms of the EA which have been
computed here, are complex in general. Classical solutions that give rise to an imaginary part when the EA is
evaluated on them, are unstable by particle radiation even if they are stable at the classical level. Moreover, the
imaginary part of the EA evaluated on classical solutions, can be used to compute particle production rates and
spectra thus providing an alternative method to the more commonly used based on the Bogolyubov transformations.
The expression that we have obtained for the nonlocal form factors is particularly appropriate for the calculation
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of particle production probabilities in cosmological space-times. The boundary conditions imposed by the normal
coordinates expansion, allow to apply this method not only to asymptotically flat manifolds, but also to some other
cosmological manifolds where the expansion rate asymptotically vanishes. Work has been done in this direction and
it will be presented elsewhere [11].
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VI. APPENDIX
Dimensional regularization formulae
In dimensional regularization [26], the space-time dimension is taken to be D = 4−ǫ and the poles are parametrized
through Nǫ that was defined in Section II. We will use the notation dq˜ = µ
ǫdDq/(2π)D where µ is the renormalization
scale. Some useful expressions are:∫
dq˜
(q2)r
[q2 −R2]m = i
(−1)r−m
(4π)D/2
Γ(r +D/2)Γ(m− r −D/2)µǫ
Γ(D/2)Γ(m)(R2)m−r−D/2
(59)
I1(p,m
2) ≡
∫
dq˜
1
(q2 −m2)2((q + p)2 −m2) = i
(−1)D/2
(4π)D/2
Γ(3−D/2)
∫ 1
0
dt(1 − t)(−m2 + p2t(1 − t))D/2−3
∫ m2
I1(p,m
2)dm2 =
iµǫ
2(4π)2
(
Nǫ + 2− log m
2
µ2
− F (p2;m2)
)
(60)
Iµν2 (p,m
2) ≡
∫
dq˜
qµqν
(q2 −m2)3((q + p)2 −m2)
= i
(−1)D/2
2(4π)D/2
Γ(4−D/2)
∫ 1
0
dt(1 − t)2(−m2 + p2t(1− t))D/2−4
(
pµpν + gµν
−m2 + p2t(1− t)
2(3−D/2)
)
∫ m2
Iµν2 (p,m
2)dm2 =
iµǫ
12(4π)2
(
Nǫ +
13
6
− log m
2
µ2
− F (p2;m2)
)
gµν +O(p2) (61)
Iµναβ3 (p,m
2) ≡
∫
dq˜
qµqνqαqβ
(q2 −m2)4((q + p)2 −m2)
= i
(−1)D/2
6(4π)D/2
Γ(5−D/2)
∫ 1
0
dt(1 − t)3(−m2 + p2t(1− t))D/2−3 g
ανgβµ + gαµgβν + gαβgµν
(6−D)(8 −D)
+ O(p2)∫ m2
Iµναβ3 (p,m
2)dm2 =
iµǫ
96(4π)2
(
Nǫ +
7
3
− log m
2
µ2
−
(
1− 2m
2
p2
)
F (p2;m2)− 4m
2
p2
)
× (gανgβµ + gαµgβν + gαβgµν) +O(p2) (62)
where F (p2;M2) is given in (4). These expressions have been obtained in the Minkowski space-time. We have not
explicitly included the +iǫ terms accompanying the momenta in order to avoid the confusion with that coming from
dimensional regularization.
Normal coordinates expansions
We will show the Riemann normal coordinates expansions for different objects up to order O(∂4). We will take the
point y0 as the coordinates origin. For the inverse metric tensor we have:
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gµν(y) = ηµν − 1
3
Rµ να β(y0)y
αyβ +
1
6
Rµ να β;γ(y0)y
αyβyγ +
[
− 1
20
Rµ να β;γδ(y0) +
1
15
R µα βλ(y0)R
λ ν
γ δ(y0)
]
yαyβyγyδ
+ O(∂5) (63)
The metric determinant g = | det gµν | has the following expansion:
g(y) = 1 +
1
3
Rαβ(y0)y
αyβ − 1
6
Rαβ;γy
αyβyγ +
(
1
18
RαβRγδ − 1
90
RλαβκR
λ κ
γδ +
1
20
Rαβ;γδ
)
yαyβyγyδ +O(∂5) (64)
For the square root of the metric determinant and its inverse we have:
g1/2(y) = 1 +
1
6
Rαβ(y0)y
αyβ − 1
12
Rαβ;γy
αyβyγ +
(
1
72
RαβRγδ − 1
180
RλαβκR
λ κ
γδ +
1
40
Rαβ;γδ
)
yαyβyγyδ
+ O(∂5), (65)
g−1/2(y) = 1− 1
6
Rαβ(y0)y
αyβ +
1
12
Rαβ;γy
αyβyγ +
(
1
72
RαβRγδ +
1
180
RλαβκR
λ κ
γδ −
1
40
Rαβ;γδ
)
yαyβyγyδ
+ O(∂5) (66)
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